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We consider a current-carrying, phase-coherent muhi-probe conductor to which a small tunneling 
contact is attached. We treat the conductor and the tunneling contact as a phase-coherent entity and 
use a Green's function formulation of the scattering approach. We show that the average current 
and the current fluctuations at the tunneling contact are determined by an effective local non- 
equilibnum distribution function. This function characterizes the distribution of charge-carriers (or 
quasi-particles) inside the conductor. It is an exact quantum-mechanical expression and contains 
the phase-coherence of the particles via local partial densities of states, called injectivities. The 
distribution function is analyzed for different systems in the zero-temperature limit as well as at 
finite temperature. Furthermore, we investigate in detail the correlations of the currents measured 
at two different contacts of a four-probe sample, where two of the probes are only weakly coupled 
contacts. In particular, we show that the correlations of the currents are at zero-temperature given 
by spatially non-diagonal injectivities and emissivities. These non-diagonal densities are sensitive to 
correlations of wave functions and the phase of the wave functions. We consider ballistic conductors 
and metallic diffusive conductors. We also analyze the Aharonov-Bohm oscillations in the shot noise 
correlations of a conductor which in the absence of the nano-contacts exhibits no flux-sensitivity in 
the conductance. 

PACS numbers: 61.16.Ch, 73.20.At, 72.70.+m 
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I. INTRODUCTION 

To measure the properties of a system it is necessary to 
couple a measurement apparatus to the system. To min- 
imize the effect that the presence of the measurement 
apparatus has on the properties of the system, it is de- 
sirable to have the coupling as weak as possible. We 
are interested in the properties of a current carrying, 
phase-coherent multi-probe conductor. Weak coupling 
or non-invasive contacts on mesoscopic conductors were 
already used by Engquist and Anderson M to re-derive 
Landauer's resistance formula H for a small conductor 
with a scatterer. Here we are interested in weak coupling 
contacts which are sensitive to the phase of current am- 
plitudes Iq-ra] and not only as in the work of Engquist 
and Anderson and related work g| to absolute values of 
currents. Nowadays, the scanning tunneling microscope 
(STM) is a very powerful experimental realization of a 
weakly coupled contact. Due to the fact that the tunnel- 
ing current to the tip originates only from an atomically 
small area on the surface below the tip, it has become the 
standard tool to measure the local electronic structure on 
the surface of conductors. In experiment, it is possible 
to map the topography of a surface with atomic resolu- 
tion Mm. Standing electron wave patterns confined to 
quantum corrals pO[ , which were constructed by manip- 
ulation of single atoms, or on carbon nanotubes serving 
as a one-dimensional electron box nw are clearly visible 
using a low-temperature STM. 

In the theoretical description, initially Tersoff and 
Hamann ||l2| used the Bardeen approach to tunneling |l^] 
to relate the tunneling conductance to the local density 



of states (LDOS) ^{x) on the surface of the conductor. 
Recently, Bracher et al. jlj] arrived at the same result us- 
ing a propagator theory where the tip was described as 
a localized source or sink of electrons. These approaches 
have been used to interpret many of the features encoun- 
tered in STM images. In theory and experiment, the 
STM has most often been used in a two-terminal config- 
uration, the two terminals being the tip on one side and 
the conductor on the other. The current at the tip is then 
determined by the two-terminal conductance between tip 
and surface, and is given by the Bardeen formula [n3|, 
Gts = {e'^/h)iTT'^iyup\t\'^iy{x), with the LDOS i^{x) of the 
sample, vup of the tunneling tip, and the coupling energy 
\t\. The zero-bias conductance thus measures directly the 
LDOS i^{x) on the surface of the conductor below the tip. 




FIG. 1. Experimental setup to measure the effective local 
distribution function. The tip of an STM couples at a point x 
with a coupling strength t to the surface of a multi-terminal 
conductor. The contacts of the conductor are held at poten- 
tials ^a and the tip at potential fiup. This configuration can 
be used to measure the time dependent current or voltage at 
the tip. 



In this article, we make theoretical predictions for mea- 
surements using one (or two) tunneling tips on meso- 
scopic phase-coherent multi-probe conductors and ana- 
lyze the voltage and the current fluctuations measured 
at such a contact. The proposed experimental setup is 
shown in Figs. |l| and Q The current at the tips is now 
determined by all conductances between the tip and the 
massive contacts of the sample. Applying a bias at the 
massive contacts of the multi-probe conductor one can 
drive already a current through it without the presence 
of the tunneling contacts. This puts the conductor into 
a non-equilibrium state. Here we are interested in the 
characterization of the transport state. The STM is used 
to measure the electronic structure on the surface of the 
current carrying sample. We will see later that the av- 
erage current and the current fluctuation spectrum at a 
single tunneling tip are determined by an effective local 
non-equilibrium distribution function expressed as a func- 
tion of local partial densities of states (LPDOS) and the 
Fermi distribution functions in the electron reservoirs. A 
measurement of such a distribution, averaged over a spa- 
tially wide area, has been performed by Pothier et al. 
p5[ using a large superconducting tunneling contact on 
a metallic diffusive wire. We are interested in charac- 
terizing the transport state not only locally but also by 
its spatial and temporal correlations. The measurement 
of the correlations of the currents at two different tun- 
neling tips is related to spatially non-diagonal densities 
of states and can give information about correlations of 
wave functions and the phase of the wave functions. 




FIG. 2. Experimental setup to measure current correla- 
tions. Two STM tips are coupled with strength t at the po- 
sitions X and x' to the surface of a small wire. The shaded 
region can be a metallic diffusive or a perfect ballistic wire. 

Here, we use a fully phase-coherent theory of weak cou- 
pling contacts starting from the overall scattering matrix 
which includes the conductor and the tunneling contacts 
as one entity. A fully phase-coherent discussion of four- 
probe resistances measured with weakly coupled contacts 
has been presented in Ref . H . In this work and in recent 
work by the two of us [g| such an approach has been used 
to investigate the local voltage measurements and phase- 
coherent resistance measurements on mesoscopic wires. 
Of particular interest is the relationship of the transmis- 
sion probabilities to densities of states which character- 
ize the conductor. In the transport problem of interest 
here it is shown H that the densities of states which ap- 



pear are partial densities of states, called injectivity for 
transmission from a contact of the conductor into the tip, 
and called emissivity for the transition from the tip into 
one of the contacts of the conductor. The transmission 
probabilities from the sample into the tip and from the 
tip into the sample can be viewed as a generalization of 
the well known Bardeen expression for the two-terminal 
weak coupling contact g. The generalized densities of 
states, the injectivity and emissivity play a fundamental 
role also in the dynamic conductance of mesoscopic sys- 
tems |lq,0] and in the non-linear conductance of meso- 
scopic systems | [l^ , p^ . 

In the following, we use the same approach but ex- 
tend the discussion to treat temporal current and volt- 
age fluctuations and investigate the correlations of cur- 
rents measured at two tunneling contacts. As we will 
show later, these measurements can reveal more infor- 
mation about the electronic structure than can be found 
by pure conductance measurements. At elevated tem- 
perature and with an applied bias the fluctuations of the 
currents can be devided into two contributions: the ther- 
mal noise, which is proportional to the temperature and 
an excess noise, called shot-noise, which is only present 
when the system is biased pO,2l|. The thermal noise is 
via a fluctuation-dissipation theorem related to a con- 
ductance and does therefore not contain more informa- 
tion about the conductor than can be drawn from mea- 
suring conductances. However, the shot-noise, which is 
at zero-temperature the only source of fluctuations, can 
give more information |20(] . For instance, the shot-noise 
spectrum can be used to distinguish between different 
conductance mechanisms, such as ballistic or diffusive 
conductance |E1|. The low- frequency shot-noise spec- 
trum has been used to identify the fractional charge of 
the quasi-particles in the fractional quantum Hall regime 
[22,p3[, and, recently, van den Brom and van Ruitenbeek 
[24 1 used combined conductance and shot-noise mea- 
surements to determine the detailed mechanism of the 
electrical conductance through atom-size metallic gold- 
contacts. Birk et al. [^ measured the shot noise at 
an STM tip. Of particular interest are current-current 
cross-correlations [^,^^ due to their sensitivity to 
the statistics of the carriers. Specific predictions have 
been made for current correlations of conductors in high 
quantizing magnetic fields ||2^,^,^ , for ballistic conduc- 
tors p8| , for metallic diffusive conductors with massive 
contacts [g^,Q, for chaotic cavities l31[|, and for hybrid 
normal and superconducting systems |p2| . Very recently, 
measurements of current cross-correlations (the electric 
analog of the Hanburry Brown Twiss experiment) have 
been reported by Henny et al. 33 1 for a Hall bar geome- 



try which permits the separation of incident and reflected 
carrier streams as suggested in Ref. |M and by Oliver et 
al. |3J] for a conductor that exhibits probably elements 
both of ballistic electron motion and chaotic electron mo- 
tion. More severe tests of our understanding of fluctua- 
tions arise from probing exchange effects in correlations 
due to the quantum mechanical indistinguishability of 



identical particles. We will discuss exchange effects below 
in some detail. Earlier discussions of exchange effects in 
cross-correlations in mesoscopic conductors can be found 
in Refs. |35y2C| , |27| , p9| -p2| . An experiment which investi- 
gates exchange effects in the noise at a single contact due 
to two incident carrier streams has been carried out by 
Liu et al. ||3^]. Therefore, we believe it to be justified to 
assume, that the shot-noise measurements at local tun- 
neling contacts proposed in this work can in fact be done 
as well. 

In order to be able to make statements about the lo- 
cal structure or wave function correlations on the sample 
surface, the contact between tip and sample should be lo- 
cal in the sense that tunneling occurs only over a region 
which is small compared to the variation of the LDOS on 
the surface of the conductor. In general, this length scale 
is given by the Fermi wavelength of the surface states. 
Modern STM measurements show clearly that atomic 
resolution on metallic surfaces can be achieved using suf- 
ficiently sharp tips. In addition, STM tips have the ad- 
vantage that they can be moved around on a surface so 
that it is possible to draw entire maps of e. g. the LDOS 
and to study the spatial variation of the transport and 
noise properties. The theory we formulate below, how- 
ever, is also valid for spatially fixed contacts provided the 
contact is sufficiently small and in the regime of tunnel- 
ing. Especially, for the experiment with two tunneling 
contacts, Fig. y, it might practically be much easier to 
use a setup with one spatially fixed tunneling contact and 
one (movable) STM tip. 

We note that some of the results presented below have 
already been published in a shortened version in |3^ . 



ary to the scattering region. At an energy E we have to 
sum over the scattering states of all open channels in the 
leads, 



N Na 

Hl = 2, y, \am)E{am\ 
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(2) 



The index a gives the number of the reservoir and the 
index m is the channel number of the incoming electron. 
In reservoir a there are Na open channels at the energy 
E. Finally, we have to describe the coupling between the 
scattering states in the ideal leads and the conductor by 
a coupling matrix 



N Nc 



^ = EEEi^)^^ 



[am] 



(3) 



X a — l 771 — 1 

The Hamiltonian of the entire system then reads 

H = Hl + Hc + W + WK (4) 

The Green's function between two points x and x' in- 
side the scattering region is then at the Fermi-energy Ep 
given by ^ 

G{x,x') = (x\{Ef -Hc + iTTWW^)-^\x') . (5) 

The matrix elements of the scattering matrix Sam,f3m 
which describes the scattering of an incoming particle 
in channel n of contact (3 being scattered into channel m 
of contact a, can be written as 

Sam,l3n = SalsSmn ^ ^ni ^ W*^^^G{x, x')Wx',l3n ■ (6) 



II. HAMILTONIAN FORMULATION OF THE 
SCATTERING MATRIX AND THE L(P)DOS 

We are concerned with open mesoscopic systems con- 
sisting of a finite part where electrons are scattered and 
to which N huge, macroscopic electron reservoirs are at- 
tached. The phase coherence length for the electrons is 
supposed to be much longer than the spatial dimensions 
of the scattering region. Then, inelastic scattering takes 
only place in the electron reservoirs. In each reservoir a 
the electrons are in equilibrium and distributed according 
to a Fermi function characterized by the electro-chemical 
potential ^a and the temperature T^ . The finite scatter- 
ing region is described by a Hamiltonian He and the 
connection to the electron reservoirs is modeled by semi- 
infinite ideal leads described by a Hamiltonian Hl. As 
a basis of the Hamiltonian He we choose M localized 
states |a;) (where M is a very big number), 



Hc = J2 1^)^--' 



(1) 



The Hilbert space of the semi-infinite leads is spanned 
by scattering states jam) totally reflected at the bound- 



The scattering matrix depends on the electrostatic poten- 
tial U{x) in the scattering region which is included in the 
Hamiltonian He- This potential has in principle to be 
calculated self-consistently for the system in equilibrium 
||l6| . A small variation Si^a of the electro-chemical poten- 
tial in a reservoir a injects then at a position x inside the 
conductor an additional charge [^ q{x) = ei^{x,a)SiJ.a- 
The proportionality factor v^Xja) is a LPDOS and is 
called the injectivity of contact a at the point x. It can 
be expressed with the help of the scattering matrix as 

ITtI 



^(-.")^5^i:^'(4.J|) 



(7) 



Here, s^^ denotes the Na x Nfj sub-matrix of the scatter- 
ing matrix which describes the scattering of electrons be- 
tween all channels of contacts a and f3. With the Green's 
function defined above, we have for the injectivity the ex- 
pression M 



v{x,a) = {xlGTaC^l 



(8) 



where we introduced the abbreviation 
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w^,o.mw:, 



(9) 



Using the Lippmann-Schwinger equation l^'am) = (1 — 
GW)\am) which relates the scattering state \ipam) of the 
entire coupled system to the scattering states \am) of the 
isolated leads |38|| , one can express the injectivity in terms 
of the scattering wave functions 



ui^x, a) 



Nc 



1 



^ hVar 



-\tpamix)\' 



(10) 



Here, Vam — \/2/m*{EF — E^m) is the velocity of an 
incoming electron at the Fermi energy Ep in channel m 
of contact a, m* is the effective electron mass and E^^ 
is the threshold energy of channel m of contact a. 

Related to the injectivity is another LPDOS, the emis- 
sivity v{(3^x) of a point x into contact a, defined as 



'(^-)=^i:t,(slj;ij 



(5s /= 



(11) 



and in terms of Green's functions given by 

v{(3,x) = {x\G^TpG\x). (12) 

If there is a magnetic field B present, the injectivity and 
emissivity obey the symmetry [O 



VB(a,x) = v-B{x,a) . 



(13) 



That means, reversing the magnetic field turns the in- 
jectivity of a specific contact into its emissivity and vice 
versa. As a special case, Eq. dl3) states that injectivity 
and emissivity are the same if there is no magnetic field 
present. Furthermore, the emissivity can according to 
Eq. ( [10| ) and (|l^) be expressed in terms of the scatter- 
ing states of the Hamiltonian with the reversed magnetic 
field. The LDOS v{x) is the sum of the injectivities of 
all contacts or the emissivities of all contacts, 



a 



(14) 



The LDOS is therefore invariant under reversal of the 
magnetic field. 

The form of Eqs. (||) and (|l^ ) suggests to define a non- 
diagonal two-point injectivity by 



v{x',x,a) = (a;'|Gr„Gt|a;) 



y^ T '0am(a;')V'am(a 



(15) 
(16) 



III. SCATTERING MATRIX FORMULATION OF 
CURRENT AND NOISE 



Our goal is to investigate the local electronic struc- 
ture of a mesoscopic phase-coherent multi-probe conduc- 
tor using one or several locally weakly coupled probes 
such as e. g. STM tips. One can think of transport ex- 
periments which measure the average current determined 
by conductances or one can measure the fluctuations of 
the current away from its average. The scattering ma- 
trix approach has proven to be very useful in describing 
transport and noise measurements at multi-probe con- 
ductors Q . It provides us with formulae which express 
the currents and the fluctuations of the currents at the 
contacts of a multi-probe conductor in terms of its scat- 
tering matrix and the Fermi functions fa {T, E) of the 
electron distribution in the reservoirs. The experimen- 
tally directly accessible parameters of the system are the 
temperature T and the electro-chemical potentials ^a in 
the large electron reservoirs. 

For a certain temperature T and given potentials the 
average current flowing from contact a into the conduc- 
tor is [ra 



(^> = 



E 

/3 



dETr[App{a)]Jp{E) 



(18) 



with the current matrix As^(a) = la^asSa'y — 
s^g{E)Sa'y(E). The energy dependent transmission prob- 
ability between two different contacts a and /3 is Tafj = 
—TT[Ai3f}{a)]. In the limit of zero temperature and if we 
assume that the differences of the applied potentials are 
so small that the scattering matrix depends only very 
weakly on energy in the energy interval of interest, for- 
mula (18) reduces to 



(-^a) - T / Tafj{^la 

P 



M/3) 



(19) 



where the transmission probabilities Tap have to be eval- 
uated at the Fermi energy. 

The correlation spectrum {AIaAIi3) of the currents at 
two contacts a and P is the Fourier transform of the 
current-current correlator [ pi[ . 



(AlaAIp) = Jdte'^'{AIa{t)AIp{t + to)) 



(20) 



and analogously a non-diagonal two-point emissivity by 

iy{p,x',x)^{x'\G''rpG\x). (17) 

In fact, we will see that it is exactly these spatially non- 
diagonal LPDOS which determine the correlation of the 
currents at two tips. 



where AIa(t) = la (t) — (la)- lu the low-frequency limit, 
w — > 0, one gets pO[ 



(AlaAIp) 

2e^ 
h 



Es^JdETr [As^ia)A^sm fsil - A) • (21) 



For a = P this expression gives the low-frequency fluc- 
tuation spectrum of the current at the contact a. For 
a ^ f3 it gives the correlation-spectrum of the currents 
in the two contacts a and f3. In general, the current 
fluctuation- or correlation-spectrum is a mixture of ther- 
mal noise and, if the system is biased, an excess noise 
called shot-noise. At zero temperature all fluctuations 
in the currents are due to the discreteness of the charge 
carriers. We are dealing with pure shot-noise. At a given 
instant in time a carrier either arrives at a reservoir, i. 
e. a current is measured, or it does not. Successive car- 
riers that are totally uncorrelated give the full (Poisso- 
nian) shot-noise, Spoiss — 2e|(/)|. If successive carriers 
are correlated, as is the case for electrons due to Fermi 
statistics, the noise can be suppressed below this value. 
Eq. (gl|) gives the fluctuation spectrum of the time- 
dependent currents in the contacts under the condition 
that the potentials at the reservoirs are held flxed and 
do not fluctuate. This corresponds to the case where 
currents are measured using a zero-impedance external 
circuit. Alternatively, we could measure the voltages at 
the reservoirs using ideal, infinite impedance voltmeters. 
The infinite impedance external circuit then forces the 
currents to be zero at all times, I{t) = 0. Fluctuations in 
the currents have therefore to be counterbalanced by fluc- 
tuations of the chemical potentials in the electron reser- 
voirs. In linear response to the applied bias, current and 
potential are related by a conductance matrix Gap, 



lait) =J2GafAVl3 + AVpit)) + A/„(t) 

/3 



(22) 



where the AIa(t) are now considered as Langevin forces 
obeying the correlation spectra given in Eq. (|2l| ) and 
where we allowed the potential at the reservoirs to be 
time dependent. 
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FIG. 3. Experimental setup to measure the voltage fluctu- 
ations at the tip. The voltage is measured using an infinite 
impedance voltmeter between contact 1 and the tip, and the 
current is measured using a zero- impedance ampere-meter be- 
tween contacts 1 and 2. 

Let us now consider the experimental setup of Fig. y. 
We are interested in the fluctuations of the voltage at the 
tip {{AVtip)^) measured relative to the voltage at con- 
tact 1. The current at the tip is always zero, Itip{t) = 0, 
whereas at the contacts 1 and 2 the potentials are flxed. 



AVi(i) — AV2(t) = 0. We measure all voltages relative 
to the potential at contact 1 (freedom of the choice of 
gau ge) so that V\ — 0. Solving the system of equations 
(H) for ISVupit) gives 



t^Yupit)^-- 



1 



G31 + G32 
and the fluctuation spectrum 



((AF,.,)2) = 



1 



G31 + G32 



A/tip(i) 



((A/t.p)^) 



(23) 



(24) 



Eqs. (p^), ( |2l| ) and (gj) are our starting points and 
we apply them to systems consisting of a conductor with 
two (or more) massive contacts and one or two weakly 
coupled contacts as depicted in Figs. 1 and 2. Our plan 
is to start with the scattering matrix of the entire sys- 
tem (sample and tip) and expand this scattering matrix 
in powers of the coupling strength |i| of the tip to the 
conductor. In this way we get equations which contain 
the scattering matrices of the separated systems, one de- 
scribing scattering only in the sample and one describing 
the scattering in the tip. 

Here, we use the Hamiltonian formulation to express 
the scattering matrix in terms of the Green's function of 
the mesoscopic sample, Eq. (||). Representing the scat- 
tering matrix in terms of Green's functions is a comfort- 
able way to identify the (non-diagonal) density operators, 
Eqs. ( p^ ) and (p7|), in the expressions for the conduc- 
tances and the current-correlation spectra. 



IV. THE SINGLE TIP CONFIGURATION 

We consider a system consisting of a mesoscopic con- 
ductor connected to N electron reservoirs and which has 
one additional weakly coupling contact, the tunneling tip 
(see e. g. Fig. 1 where iV = 2). The coupling strength 
between the tip and the conductor is |t| and the coupling 
is local at a point x on the surface of the conductor. 



A. Average current at the tip 

The transmission probability at an energy E for an 
electron incoming from a massive contact a of the sam- 
ple being transmitted into the tip has been found to be 
proportional to the injectivity of the contact at the cou- 
pling point X of the tip [g| , 



Tiip.Q = 47r^ftip|tpi^(x, a) 



(25) 



The transmission probability for an electron incoming 
from the tip being scattered into a massive contact a is 
proportional to its emissivity [y. 



Ta,uv = 47r^i/(a, x)\t\^Vtip . 



(26) 



Due to the symmetry of injectivity and emissivity, Eq. 
(|l3|), these transmission probabihties manifestly obey 
the Onsager-Casimir symmetry, Ttip.a{B) — Ta.tip{—B), 
where B is the magnetic field. Using these energy re- 
solved transmission probabilities in Eq. (nSh we can ex- 
press the average current flowing into the tip as 



{li 



tip/ 



^j dETts{x){fup{E)-hff{x)} 



(27) 



with the two-probe tip-to-sample transmission Tts{x) = 
'^''^'^vtip\t\'^v{x) and the effective local distribution func- 
tion 



feffix) 



Y^ v{x^ a) 

a=l 



v{x) 



UE). 



(28) 



This expression gives the local non- equilibrium distribu- 
tion of charge carriers at the point x inside the conductor. 
Its energy dependence comes from the Fermi functions 
and from a possible energy dependence of the L(P)DOS. 

Eq. ( p7| ) has the form of the current in a two probe 
system, one probe being the tip, where the electron dis- 
tribution is described by the Fermi function ftip{E) and 
the other probe where the electron distribution is given 
by the effective distribution function /e// (x) . This effec- 
tive distribution function does not account for any energy 
relaxation of the charge carriers inside the conductor. We 
assume that electron-electron and electron-phonon inter- 
actions can be neglected for the system in consideration 
and therefore the energy of the electrons is conserved. 
However, the distribution function does contain via the 
L(P)DOS the quantum mechanical phase coherence of 
the electron wave function throughout the system. Our 
effective distribution can be used to describe the elec- 
tron distribution in phase-coherent diffusive conductors, 
if energy relaxation and dephasing can be neglected. To 
describe transport and noise in diffusive conductors one 
can also use the semi-classical Boltzmann-equation ap- 
proach (see e. g. ^^l)- There, one introduces a distri- 
bution function which does not contain the quantum- 
mechanical phase-coherence but where energy relaxation 
processes can be modeled quite easily. However, the dis- 
tribution function of this semi-classical approach can not 
be used for conductors where phase-coherence is essen- 
tial. 

At zero temperature we can replace the Fermi func- 
tions in Eq. (|2^) by step functions and get in linear re- 
sponse to the applied potentials 



{Iup)=G{x){Vup-Veff{x)}., 



(29) 



where the conductance G{x) ~ {e^ / h)Tts{x) has to be 
taken at the Fermi energy and 






(30) 



The same formula for the average current is also true 
for the case of arbitrary temperature provided that the 



L(P)DOS, v{x,a), are independent of the energy in an 
energy interval AE « kT around the Fermi-energy. 

A particularly interesting setup is, when the tip is used 
as a voltage probe, i. e. we demand that on the average 
there is no net current flowing into the tip, (/^ 



tip/ 



= 0. 



Similar experiments, also called scanning tunneling po- 
tentiometry, have initially been performed by Muralt and 
Pohl |4l| a nd were later continued and refined by several 
groupsp3-E3 . From Eq. (p9) we find that at zero tem- 
perature the voltage one has to apply at the tip to achieve 
the zero-current condition is exactly the effective voltage 
Veff{x) defined in Eq. (|30|). The measured effective po- 
tential Veff{x) should not be confused with the actual 
electrostatic potential U{x) inside the conductor. The 
injectivities j/(x, a) and the LDOS i^^x) are determined 
by the equilibrium electrostatic potential Ueq{x) in the 
sample |1^ and, therefore, also the measured effective 
potential T4//(a;) depends on the electrostatic potential. 
However, there is no direct relation between the mea- 
sured potential and the actual electrostatic potential in 
the sample. 



B. Current fluctuations at the tip 

We proceed by investigating the fluctuation-spectrum 
of the current at the tip. From Eq. ( pl| ) we get to the 
lowest order in the coupling parameter |t|, 



{{AIup?) = 2j dEG{x) [!eff{x){l - fupiE)} 

+ fup{E){l-f,ff{x)}] (31) 

with the two-terminal conductance G{x) and the effective 
distribution function feff{x) as defined in Eq. (Eq). The 
fluctuations are therefore, as was the average current, 
determined by the effective distribution function. If we 
adjust the potential at the tip Vup such that the average 
current at the tip vanishes, we get for the fluctuations 



{{^It^vY) = 4 



dEG{x){l-Jup{E)}J,}f{x). (32) 



In Eq. (|3l| ) the integral over energy extends from the 
bottom of the conduction band to inflnity. At a tem- 
perature T and applied potential differences Ay, the 
relevant contribution to the current fluctuations comes 
from the integration over an energy range of about A_E w 
max(eAy, kT) around the Fermi-energy. If the LPDOS 
are nearly independent of energy in this energy range, 
we can evaluate the integral over products of Fermi func- 
tions and get for a potential Vup at the tip and potentials 
Va at the massive contacts 
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{(Alupf) = 2eGix) Y, \Va - Vt 



tip\ 
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i^{x) 



2kT 



(33) 



If we consider the case of a measurement on a wire with 
two contacts and choose Vup = Veff such that on average 
there is no current flowing into the tip, we get 
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(34) 



with Ay =: Vi - V2. In the hmit eAV < kT this leads 
to 



{{Alupf) » AG{x)kT 

1 ^, .^^elWv{x,l) 
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(35) 



where we neglected corrections of order (eAT^/fcT)^. In 
this case the current fluctuations are due to thermal 
Johnson-Nyquist noise and a small correction which de- 
pends on the applied bias AT^. 

As a next step we restrict ourselves to the case of zero 
temperature and sufficiently small differences in the ap- 
plied potentials Va so that we are in the linear response 
regime. We are then dealing with pure shot-noise which 
is completely determined by the properties of the sys- 
tem (the scattering matrix) at the Fermi energy. For 
arbitrary potentials Va (though always close to the equi- 
librium value) we get from Eq. ( pl| ) for the current fluc- 
tuations at the tip 



{{Mupf)=2eG{x)Y, 



v{x, a) 
v{x) 



Va-Vup\. 



(36) 



The conductance, i. e. the densities of states and the cou- 
pling element t contained in it, have to be taken at the 
Fermi energy. This result shows that the fluctuations in 
the tip are just the addition of the fluctuations propor- 
tional to the conductances between the tip and the two 
massive contacts of the wire. This is not surprising, since, 
as is well known, the fluctuations of the current at a tun- 
neling contact between two reservoirs are proportional to 
its conductance [ pl[ . 

Eq. ( pq) is valid for arbitrary voltage conflgurations. 
Let us now choose the potential of the tip such that on 
average there is no net current flowing into the tip, i. e. 
we have to choose Vup = Veff{x) according to Eq. ([30|). 
Let us assume that the applied potentials at the sample 
are arranged in a way that Va < Vp for a > /? and let 
n be such, that Va > Veff for a < n and Va < Veff 
for a > n + I. The fluctuations at the tip can then be 
written in the form 

((Alupf) - ieGix) J2 ^^^{V. - Veffix)} 



1 ^(a;) 

a — 1 ^ ^ 



N 



AeGix) Y. 



a—n-^ 



v{x, a) 
1 v{x) 



{Veffix) -Va}. (37) 



For the case of measurements on a two terminal conduc- 
tor as shown in Fig. nl this formula reduces to 



{{Mupf) - AeG{x)Av'^^^ ( 1 



v{x) 



v{x,l) 
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(38) 



with /SV — Vi — V2. This shows that at zero temper- 
ature i^(a;, V) /uix) plays the role of the non-equilibrium 
distribution function. 



C. Voltage fluctuations at the tip 

In the previous section we discussed the fluctuation 
spectrum of the current at the tip while we assumed that 
the potential at the tip is flxed and independent of time. 
Let us now investigate the experimental setup shown in 
Fig. ^ where the current at the tip is zero and we mea- 
sure the fluctuation spectrum of the voltage using an in- 
finite impedance voltmeter. If currents and voltages are 
related by the hnear response formula, Eq. (|2^), the volt- 
age fiuctuation spectrum is directly related to the current 
fiuctuation spectrum, Eq. (p3) . For the case of zero tem- 
perature, we can use the conductances from Eqs. (Eq) 
and (Bq) to get the fluctuation spectrum 
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(39) 



with R{x) — G{x)^^. Results for the voltage and current 
fluctuations at finite temperature and in linear response 
to the applied potentials are presented in Appendix B. 
Next we will illustrate the main results of the previous 
section on some examples. 



D. Examples 

The most simple example is a perfect ballistic conduc- 
tor with one propagating channel. The local density of 
states as well as the injectivities are then independent of 
position. The injectivities from the left and right contacts 
are vq = ^/hv and the LDOS is 21^0. At zero tempera- 
ture, this gives the position independent effective voltage 
Veff = {Vi + ^2)72 and from Eq. (|38|) the fluctuation 
spectrum 



ii^iupr) 



2eGoAV- 
2 



(40) 



with Go = {e^/h)'i'K'^iyup\t\'^2L'o and Ay = Fi - V2. Note 
that a perfect conducting two terminal conductor shows 
no fluctuations of the currents at its contacts. The pres- 
ence of the tip introduces shot noise into the system be- 
cause in the presence of the tip electrons entering the 
system from lets say contact 1 have now the possibility 
to go either to contact 2 (what they do most of the time) 



or to enter the tip (what they do with a probability pro- 
portional to |ip). The fluctuations at the tip cause also 
the current at the massive contacts to fluctuate. At the 
massive contacts however, there is a considerable aver- 
age current of the order of one, while the fluctuations are 
only of the order of |ip. 

As a next step we introduce scattering in the wire. Let 
us assume that there is a scattering region described by a 
scattering matrix which leads to the transmission prob- 
ability T and reflection probability R = 1 — T for the 
electrons. To the left of the scattering region the LDOS 
and the injectivities are |Q 
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(41) 
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where </> is the phase acquired by reflected particles. 
Putting these densities into the fluctuation spectrum, Eq. 
(pq), leads to 
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As a function of the position x of the tip, the fluctuation 
spectrum oscillates with a period of half a Fermi wave- 
length. If we average this position dependent spectrum 
over one period we get 



{{^IurY)c 



= 2eGoAVT{l ~ Vt/2) . 



(45) 



Averaging over the whole length of the conductor can 
mean to really move one single tip along the wire, always 
adjusting the electro-chemical potential such that there is 
zero average current into the tip and measuring the fluc- 
tuation spectrum. But it could also mean to attach very 
many tips (or electron absorbers) all along the wire, each 
one with its electro-chemical potential adjusted such that 
there is no net current flowing into it and neglecting the 
transmission of electrons from one tip to another (ex |i|*). 
It is interesting to compare Eq. (E^) to the fluctuations 
measured at contact 1 of an isolated (no tip present) wire 
ill, 



((A/i)2) = 2e—AVT{l - T) 



(46) 



Neglecting the interference of incoming and reflected 
waves in the local densities, i. e. setting v{x^ 1) 



1^0(2 — T) and v{x) — 2i'o, one gets form Eq. (38), 
((A/)2) cxT(l-T/2). 

The voltage fluctuations, Eq. (p9|), are in the phase- 
sensitive case, Eqs. (pll)-(p3|), given by 
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(47) 



with _Ro — Gq . The current- and voltage-fluctuations 
together with the effective potential Ve//(x) are shown 
in Fig. ^. 




FIG. 4. Fluctuation spectra and effective voltage measured 
along a ballistic wire with a 5 barrier at a; = leading 
to a transmission probability T — 0.7. The solid line is 
{Veff — V2)/AV^, the dashed line gives the current ffuctuations 
{{Altip)'^) in units of 2eGoAV, and the dotted line shows the 
voltage fluctuations ((AVJip)^) in units of 2eRoAV. 

An interesting system containing very many scatter- 
ers is a metallic diffusive wire of length L and width W 
which is at its ends attached to two ideal leads. The 
elastic mean free path is I. We assume that I <^W -^ L 
so that the diffusion in the wire can be treated to be ef- 
fectively one-dimensional. Furthermore we assume that 
there is no inelastic scattering inside the conductor. For 
a given wire, i. e. a given disorder conflguration, the ex- 
act LPDOS are given in terms of Green's functions by 
Eqs. (H) and (|l3). Here, we are only interested in the 
quantities averaged over many different disorder config- 
urations. While the ballistic conductor with one single 
barrier could serve as a model to illustrate what is mea- 
sured in the neighborhood of an impurity, the ensemble 
averaged quantities correspond to the average of many 
measurements on a diffusive conductor at different lo- 
cations over a spatial range of about an elastic mean 
free path. To average expressions given as products of 
retarded and advanced Green's functions we use the di- 
agram technique [[46[ . For the injectivities we have to 
average the product of retarded and advanced Green's 
functions between the coupling point of the tunneling tip 
and two points on the surface between the diffusive re- 
gion and the ideal leads. For the averaged quantities we 
get (see appendix A for details) 

v{x,l) ^ vq{L — x)/L and i/{x,2) = i/qx/L (48) 

with the two-dimensional density of states vq = 
m*/27rn'^. 

At zero-temperature, the effective voltage measured 
along the wire gives averaged over the ensemble the clas- 
sical linear voltage drop, Veff{x) = V2 + AV{L — x)/L, 



and the parabolic behavior of the current fluctuation 
spectrum as a function of the tip position, 



{{^lupf) = 2eGoAy 
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Z2 



(49) 



As in the case of the baUistic conductor with barrier, we 
can average the fluctuation spectrum over the hole length 
of the diffusive region and get 



((A/, 



tip) 
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(50) 



This is exactly 1/3 of the fluctuations that would be mea- 
sured at a tip probing a perfect ballistic conductor, Eq. 
(pO|). It is very well known, that the fluctuations mea- 
sured at a contact of a diffusive wire are suppressed by a 
factor of 1/3 with respect to full shot noise (see e. g. Refs. 
p7|,p|j30|). Therefore, it is tempting to say that the fluc- 
tuations at the tip reflect the fluctuations of the current 
inside the isolated (without the tip) wire. Nevertheless, 
the presence of the tip does change the system since it of- 
fers the electrons another possibility (even though a very 
weak one, proportional to |ip) where to travel. Therefore 
the tip introduces additional fluctuations in the system, 
as we saw for example when the tip couples to a perfect 
ballistic conductor. 

If we neglect the energy dependence of the injectivities, 
Eq. (|48|), (temperature and applied bias AV^ = Fi — V2 
sufficiently small) we can use Eq. (|34| ) to illustrate the 
crossover from the position dependent shot-noise at zero 
temperature to the position independent thermal noise 
at elevated temperatures. For the metallic diffusive wire 
we get 



{{Mupf) = 2eGoAy 
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coth 
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, , xeAV\ 

coth 

L 2kT J 



(51) 



This crossover is shown in Fig. |5|. In Fig. y, we plot for 
fixed temperature T the voltage dependence of the fluc- 
tuation spectrum if the tip is placed at different positions 
along the wire. 
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FIG. 5. The current fluctuation spectrum along a difFusive 
wire from to L for different temperatures. The temperature 
range kT is from to 0.5eAy in steps of O.leAV. Lower 
temperatures correspond to lower curves. 
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FIG. 6. Voltage dependence of the current fluctuation spec- 
trum for fixed temperature. The three curves correspond to 
difi'erent positions of the tip. The tip is placed at x = (solid 
line), X = L/4 (dashed line) and x — L/2 (dotted fine). 
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V. CURRENT CORRELATIONS AT TWO 
TUNNELING PROBES 

In this Section we make predictions for the cross- 
correlation of the currents at two contacts. Recently, two 
groups succeeded in measuring the correlation spectrum 
of the current at two different contacts of a multi-probe 
sample p3,p3]. We consider a mesoscopic wire with two 



tips weakly coupled at points x and x' as shown in fig- 
ure 1^. For the following discussion, we consider the zero 
temperature limit and the linear response regime with re- 
spect to the applied potentials. According to Eq. ( pi| ) the 
correlation of the currents at the two tips {AItipiAItip2) 
is a function of all possible voltage differences \Va — Va|. 
Using the two point density of states, Eq. (Esh, we find 



{AItipiAItip2) = 2e—ATT^vtipii^Up2\t\'^ 



X \2Re{2TTi^{x, x', l)2nu{x' , x, 2)}|yi 
-I- J2 '2Im{2'Kv{x,x',6)G{x',x)}\V3 
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V2\ - 2Re{G{x, x')G{x',x)}\V3 - V4I 
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(52) 



We now want to illustrate this result for some spe- 
cific voltage configurations. One particularly interesting 
case is the exchange experiment proposed in |^ for ar- 
bitrary four terminal conductors. Such an experiment 
has been performed recently by Liu et al. |36| ] on a ballis- 
tic conductor. Theoretical predictions have been made 
by Blanter and Biittiker |29[| and by Sukhorukov and 
Loss [Q for metallic diffusive conductors and by van 
Langen and Biittiker |^ for chaotic cavities. To iden- 
tify the exchange contribution in the noise spectrum one 
performs three successive experiments. In the first two 
experiments, called experiment A and B, current is in- 
jected into the system only through one single contact 
respectively. In the third experiment, called experiment 
C, current is injected through both contacts simultane- 
ously. The correlation spectrum is always measured at 
the same two terminals in all three experiments. The 
current injection is achieved by rising the potential of the 
respective contact to the elevated value Vh keeping the 
other ones at the equilibrium value Vq. In principle, one 
is free to choose through which contacts current should 
be injected and at which two contacts the correlations 
should be measured. In our system we have an obvious 
asymmetry between the two massive contacts 1 and 2 of 
the wire and the two tunneling contacts 3 and 4. In equa- 
tion ( p2| ) we decided to look at the current correlations 
at the two tunneling tips. The current correlations at 
the two massive contacts will be discussed later. Still we 
can decide through which contacts we want to inject the 
current, either through the massive contacts or through 
the tunneling contacts. Experimentally, the first case 
(contacts for current measurement and current injection 
different) should be easier to achieve. For both cases we 
can rewrite Eq. (B3) in the form 



e 



{AItipiAItip2) ^ -'^e^lQTT^vtipiVup2\t\'^V S'2'b,c ■ (^3) 



Here, the upper index m indicates that the current is 
injected through the massive contacts whereas the in- 
dex t means that current is injected through the tips. 



The lower indices distinguish the three experiments and 



A. Current injection through the massive contacts 

First we consider the case of current injection through 
the massive contacts. Performing the three above men- 
tioned experiments leads to the following voltage config- 
urations: for experiment A, Vi = Vh, for experiment B, 
V2 = Vh and for experiment C, Vi = V2 = Vh- All other 
potentials are held at the equilibrium value Vq. We get 



S^^Hx,x',l)\\ 
S'S = W{^,x\2)\\ 

Sc^^\Gix,x')-G\x,x')\ 
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= S'^ + S^ + 2Re{i/(a;, x' , l)i/(a;', x, 2)} 
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(54) 
(55) 



(56) 



The current-correlations are for all three experiments de- 
termined by the spatially non-diagonal injectivities, Eq. 
(Lq), which are also given as products of wave functions. 
Equations which express the current correlations in terms 
of wave functions can be found in |37|, Eqs. (8)-(ll). It 
is not surprising that the result for experiment A with 
current injected through contact 1 depends only on the 
(non-diagonal) injectivity of contact 1, while experiment 
B with the current injected through contact 2 depends 
only on the (non-diagonal) injectivity of contact 2. One 
sees also at once, that the result for experiment C is in 
general not only the addition of experiments A and B 
but contains the exchange term 



n7n Qjn Qjn 



SV: 



2Re{i^{x,x',l)v{x',x,2)}. 



(57) 



This exchange term is due to the quantum mechanical 
indistinguishability of the charge carriers. In the follow- 
ing we investigate for which systems or under which con- 
ditions this term vanishes or becomes important. The 



10 



question if phase-coherence is necessary for the existence 
of the exchange term will also be addressed below. 



B. Examples 

We investigate Eqs. (p4|)-(p6|) in more detail for three 
examples. The most simple system one can think of is 
a perfect ballistic one channel conductor. The two scat- 
tering states at the Fermi-energy are then simple plain 
waves so that the non-diagonal injectivities at the Fermi- 
energy are 



1 



v{x,x\a) = e^k^i^-^) 



hv 



(58) 



with 



ki — —k2 — m*v/h and the Fermi velocity v — 
^2Ep jm* . That means that the correlations in experi- 
ments A and B are independent of the distance d — x — x' 
of the tips. However, the correlations of experiment C 
and therefore the exchange contribution, Eq. (|5^), de- 
pend on this distance. They oscillate with the period of 
half a Fermi-wavelength, 






1 



■ cos^(fcd) . 



(59) 



Moving one of the tips over the distance of half a Fermi- 
wavelength and averaging the results, gives the averaged 
spectrum 



{SI 



1 



Sa + Sb 



(60) 



which is again independent of the distance between the 
tips. The exchange term averages to zero. Moving the 
tips along the wire means in this case averaging over the 
phase of the wave function. Therefore, for this type of 
conductors (applies also to perfect ballistic multi-channel 
conductors) phase coherence is crucial for the existence 
of an exchange term. A perfect ballistic (multichannel) 
conductor exhibits no fluctuations at zero temperature, 
and thus the result found above might represent a very 
particular situation. Thus now we introduce scattering 
in the wire, i. e. we introduce a barrier of transmission 
probability T in the middle of the wire. This changes the 
noise properties of the wire in a qualitative way: due to 
the possibility of backscattering the current in the mas- 
sive contact of the wire fluctuates already without a tip 
being present. Now, we place tip 1 to the left of the 
barrier and tip 2 to the right of the barrier. We assume 
one propagating channel on each side of the barrier so 
that the barrier is described by a 2 x 2 matrix, which 
determines the scattering states on the two sides. We 
find 



S7 


= 2i'^T [1 - T/2 - a{2kx - (j))] , 




(61) 




= 2iy^T [1 - T/2 + a{2kx' + </>)] 
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(62) 


cm 


= 2i/2r X 2 cos^{fc(a; - x') - cj)} 








= 2iy^T - 2i^^T cos{2k{x - x') - 


m, 


(63) 



with a{z) = \/l — rsin(z — (j>a). Here, Vq = 1/hv is the 
density of scattering states, (f> is the phase acquired by 
an electron traveling through the barrier and (/)a is the 
phase which takes into account a possible asymmetry of 
the barrier p5| . The spectrum of experiments A and B 
in which current is injected only through one single con- 
tact depends only on the position of the tip at that side 
of the barrier where current is injected. Comparison of 
the spectrum of experiment C for the pure ballistic wire 
Eq. (|5^), with that for a wire with a barrier shows that 
these spectra differ only in that the spectrum of the wire 
with a scatterer is multiplied by the transmission proba- 
bility T and in that it depends on 0, the phase acquired 
by transmitted electrons. Again, we find a non-vanishing 
exchange term S^ = S^ - S"^ - S^}. Moving the tips on 
both sides of the barrier over a Fermi wavelength does 
not cause the exchange term to vanish, but leads to 



-2:/^y(l - T) 



(64) 



Thus elastic scattering has established a correlation in 
the exchange term which does not vanish upon averag- 
ing. 

It is an interesting question whether an exchange term 
exists also for measurements on diffusive conductors or 
not. Starting from exact quantum mechanical expres- 
sions for the correlation spectrum and performing a dis- 
order average, Blanter and Biittiker ||2^ found a non- 
vanishing exchange term for cross shaped diffusive con- 
ductors. An exchange term for diffusive four-terminal 
conductors of arbitrary shape was found by Sukhorukov 
and Loss ||3^ using a semi-classical Maxwell-Boltzmann 
equation approach which does not contain the quantum 
mechanical phase coherence of the system. In our ap- 
proach, we start with the quantum mechanical expres- 
sions for the non-diagonal injectivities, Eq. (|l5| ) and av- 
erage these quantities over many different disorder con- 
figurations. We assume the conductor to be a long and 
narrow strip as discussed in Section IV, and, similarly to 
Ref. [ p9| use the diagram technique to average products 
of Green's functions. Performing the averages leads to 
the following expressions for the noise spectra B^ (de- 
tails see appendix A) 
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(65) 
(66) 
(67) 



wherep(x, a;') — l/3[(x— a;')^— 2a;'(i— x)]. From these re- 
sults we can extract the relative strength of the exchange 



term Sx to be 






x)+x'{L-x')-p{x,x')] . (68) 
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The exchange term always has the same sign as the spec- 
tra S^ and S'a , i. e. it enhances the correlation spectrum 
Sq over the pure addition 5™ + S^. An enhancement 
of the current correlations due to the exchange term was 
also predicted for a chaotic cavity with four tunneling 
contacts |gl|. To illustrate the exchange term further, 
we assume a specific configuration of the two tips: we 
place the two tips symmetrically around the center L/2 
of the wire. One is placed a distance d/2 to the left of 
the center, the other one the same distance d/2 to the 
right. The strength of the exchange term as a function 
of the distance d between the tips is then 



S' 



X 



-2 




(69) 



This function reaches its maximum not when the tips are 
closest (a limit where our approximations for the disorder 
average are not anymore valid) , but at the finite distance 
d = L/4. It's maximal value is {S'^/S'^),nax = 17/24. 
At first sight, it might seem quite surprising to have 
the maximal correlations when the tips are separated by 
d = L/A. This can be understood if one considers that 
the strength of the correlations is determined by scatter- 
ing between all four contacts and, therefore, not only the 
distance in between the tips counts, but also the distances 
from the coupling points of the tips to the massive con- 
tacts of the wire. Moving the tips away from the center 
of the wire increases the distance in between them, but 
decreases the distances to the massive contacts. The cor- 
relations are then determined by an interplay of contribu- 
tions from the differing types of possible electron paths. 
This example again demonstrates that in the presence of 
elastic scattering, the exchange contribution survives en- 
semble averaging. This is consistent with the results of 
Refs. MM- 



Let us consider as a last example a system consisting 
of a quantum dot in the quantum Hall regime, to which 
two leads are attached via quantum point contacts. Fig. 








FIG. 7. Mesoscopic ring in the quantum Hall regime with 
one propagating edge channel. An additional magnetic flux 
penetrates the center of the ring which is not accessible to 
the electrons. Two tunneling tips are placed at the center 
of the point contacts which connect the ring to two electron 
reservoirs. 

A very similar geometry was investigated in Ref . p^ . 
We re-consider this example since the two-point injec- 
tivity Eq. ( |l5| ) provides a particularly clear formulation 
and also to use this opportunity to correct an algebraic 
mistake in one of the results of Ref. [g^ . The sample is 
penetrated by a quantizing magnetic field which leads to 
the formation of edge channels. The voltages at the gates 
forming the two point contacts are chosen such that there 
is exactly one propagating edge channel which is perfectly 
transmitted through the sample whereas all other edge 
channels are completely reflected at the point contacts. 
In addition to the strong magnetic field there is an ad- 
ditional field present only in the center of the dot. The 
additional field is characterized by its flux $ through the 
dot. Since there is no backscattering at all of electrons 
in the propagating edge channel, the transmission proba- 
bility of the system is independent of the flux $. For the 
same reason transmission from one tip to the other or to 
the massive contacts is also independent of $. Without 
backscattering there is no closed electron path encircling 
the flux. Now we place two tunneling tips in the mid- 
dle of the two point contacts 1 and 2. There, the tips 
should couple equally well to the left going and to the 
right going edge channel. We are interested if the cor- 
relation of the currents at the two tips depends on $. 
To answer this question we only need to know the scat- 
tering wave functions at the two coupling points. Let 
us denote the amplitude of the scattering state incoming 
from the left contact at the left point contact by ^i(l) 
and the one incoming from the right contact at the right 
point contact by ■02(2). The electron state ■01 acquires 
now on its way from the left to the right point contact 
an additional phase (j)i due to its propagation and the 
presence of the background quantizing magnetic field. In 
addition, it's phase is changed by 9/2 due to the flux 
$. Therefore, we have 01(2) = '(/'i(l)e*'^'e^®/2^ Similarly, 
we have ^2(1) = ^2(2)e*'^^e*^/2. As before, 02 is the 
phase acquired due to propagation and the presence of 
the quantizing field and 9/2 is due to the flux $. For all 
closed paths encircling the flux one must have 



Ads = 27r — 
S *o 



(70) 



We chose a gauge such that the phase 9 is divided into 
equal parts on the upper and the lower half circle along 
the edge of the dot. Putting these wave functions into 
the expression for the current correlations at the tips, Eq. 
&' yields 

S^ (x2 + 2cos{{<l>i+<l>2) + 9} (71) 

i. e. the exchange term is Sx — 2 cos{(0i + ^2) + 9}. (we 
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have used IV'ill)^ = |V'2(2)P = 1). We see that the cor- 
relation spectrum in fact depends periodically on the flux 
and the period is <I>o. The measurement of the correlation 
spectrum thus allows to get information about the flux 
$0- This result corrects Eq. (15) of Rcf. [^ where the 
periodicity of the correlation spectrum was found to be 
only <i>o/2. We remark that the exchange term depends 
on the phases (pi and 4>2 in a similar simple way as the 
exchange term of the pure ballistic wire. Again, moving 
the tips by the distance of a Fermi wavelength will lead 
to a vanishing exchange term. Furthermore this exam- 
ple shows that a cross-correlation can be sensitive to an 
Aharonov-Bohm flux even for a conductor (which in the 
absence of the tips) exhibits no Aharonov-Bohm effect. 
However, the situation discussed here and in Ref. ^7^ 
does not conclusively show that Aharonov-Bohm effects 
in second order correlations are possible even if there is no 
second order Aharonov-Bohm effect. If the conductance 
is measured in the presence of the two tips, then the weak 
scattering caused by the tips, which must after all couple 
to both edge states, leads to an Aharonov-Bohm effect, 
which is of the same magnitude (fourth order in the tun- 
neling amplitudes) as the fourth order interference effect 
given by the current-current correlation. 



C. Current injection through the tips 

We now consider slightly modified arrangements: in- 
stead of injecting the current through the massive con- 
tacts, we inject the current through the tips and measure 
simultaneously the correlations of the currents at the tips. 
The voltage configurations for the three experiments of 
this type are then for experiment A, V3 = Vh, for exper- 
iment B, V4 = Vh and for experiment C, V3 = V4 = Vu- 
All other potentials are held at the equilibrium value Vq. 
The correlation spectrum for experiment C is the same 
as the spectrum of experiment C with the current in- 
jected through the massive contacts since the spectrum 
depends only on the absolute value of voltage differences 
and not on the sign. Experiments A and B are, however, 
different from the respective experiments with current 
injection through the massive contacts. The quantities 
which have to be used in Eq. (m) are 






1 



^A ~ TZjI'-'C^ '^)l 



/\|2 



47r- 



■\G{x,x')\ 



(72) 
(73) 



= S\ + S%-^Re{G{x,x')G{x',x)}, (74) 

Since the potentials of both massive contacts are always 
held at the same potential, the equilibrium potential Vq, 
the correlation spectra do not show any dependence on 



the (non-diagonal) injectivities of these two contacts sep- 
arately. The wire acts as an effective one terminal con- 
ductor and all that enters in Eqs. (^-([7^ is the Green's 
function of the wire representing the total (non-diagonal) 
density of states of the wire. But as in the experiments 
discussed in the previous section an exchange term ap- 
pears in general. To investigate this exchange term fur- 
ther we evaluate it for the example systems used before. 

For a ballistic wire the result is qualitatively similar to 
the one found by current injection through the tunnel- 
ing contacts. A qualitative change occurs for the wire 
with a barrier and in the case of a metallic diffusive 
wire. Let us first consider the ballistic wire with the 
barrier. In contrast to the experiments where current is 
injected through the massive contacts, the averaged ex- 
change term does vanish when current is injected through 
the tips. Averaging means to move both tips over dis- 
tances longer than a Fermi wavelength and average the 
measured spectra. For a metallic diffusive conductor it 
is easily seen that the exchange term vanishes. The av- 
erage over disorder of a product of two retarded Green's 
functions is exponentially small. This is in remarkable 
contrast to the behavior of the exchange term in the 
experiments with current injection through the massive 
contacts. It is due to the fact, that the spectrum of ex- 
periments A and B changed while experiment C is the 
same as for current injection through massive contacts. 

We can draw the following conclusions from this 
Section: For all the situations investigated here, we 
could identify an exchange contribution to the cross- 
correlation. In the case of a pure ballistic wire, the 
exchange contribution is a purely quantum mechanical 
effect which vanishes when averaging is performed (by 
moving the tip and averaging the results). As soon as 
some elastic scattering is present, as in the wire with a 
barrier, or in a metallic diffusive wire, the exchange term, 
in addition to a purely quantum mechanical contribution, 
also contains a " classical" contribution which survives en- 
semble averaging. This situation is thus reminiscent of 
the conductance of a mesoscopic sample which consists 
of a classical (Drude like) conductance and a small quan- 
tum mechanical sample specific contribution known as 
universal conductance fluctuation. 



VI. CURRENT CORRELATION AT THE 
MASSIVE CONTACTS 

Until now we were only interested in the correlation of 
the currents at the tunneling tips. We saw that in the 
case of current injection through the massive contacts the 
correlations depend on non-diagonal partial densities of 
states, namely the non-diagonal injectivities of the mas- 
sive contacts. There is still another partial density of 
states, the emissivities, which did not yet appear in the 
expressions for the correlation spectra. Emissivity and 
injectivity are related to each other by the symmetry rela- 
tion, Eq. (O). The correlations of the currents at the tips 
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were determined by the transport properties of electrons 
injected through the massive contacts and transmitted 
to the tips. Therefore only the non-diagonal injectivities 
of the massive contacts appeared in the equations for the 
current correlations at the tips. If one investigates the 
correlation spectrum at the massive contacts one expects 
that it depends on the non-diagonal emissivities of these 
contacts. Clearly, if we also inject the current through 
the massive contacts, the correlation of the current in the 
massive contacts is to first order only determined by the 
wire with its two contacts and the presence of the two 
tips does not play a role at all. In this case, the correla- 
tion/fluctuation spectra are just the ones known for two 
probe conductors pl| ]. 

Consider the case, when current is injected through 
the tips. We investigate the experiments A: V3 = Vh, 
B: Vi = Vh and G: V3 = V4 = Vh- AU other potentials 
are, as before, kept at Vq. The correlations can then be 
written in the form 



(A/1A/2 



-2e-16n*\t\^eVSA,B,c 
h 



(75) 



with 



Sa ^ v{l, x)iy{2, x)iytij,i , (76) 

SB^Hhx'H2,x'yf^^,, (77) 
Sc = v(l,x)v{2,x)v'^ip-^ +v{\,x')v{2,x')vj^j,2 

+2Re{i/(l, X, x')v{2, x , x)}vupii^Up2 (78) 

= Sa + Sb + 2vtipivtip2^<i{v{l, X, x')v{2, x' , x)} . (79) 

The expressions for experiments A and B are products of 
the transmission probabilities from tip 1 resp. tip 2 into 
the two massive contacts of the wire, e. g. the transmis- 
sion probability from tip 1 into contact 1 of the wire is 
Ti^tipi = 47r^:^(l,a;)|ipi'tjpi according to Eq. (P6|). The 
two spectra where current is only injected into the system 
through one single contact do not at all depend on the 
presence of the second tip. They depend only on the local 
emissivities of the massive contacts at the coupling point 
of the tip through which the current is injected. The cor- 
relation spectrum of experiment C where current is in- 
jected through both tips is sensitive to the non-diagonal 
emissivities of the massive contacts. In fact, the exchange 
contribution is 



Sx = 2i^upivtip2^e{v{^, X, x')h'{2, x' , x)} 



(80) 



This result again demonstrates the key role played by the 
the two point injectivity in cross-correlation spectra. 



VII. DISCUSSION 

We have shown that the current fluctuation and corre- 
lation spectra measured at tunneling contacts on multi- 
probe conductors are related to local partial densities of 
states and to spatially non-diagonal (two point) densities 



of states. The general expressions are illustrated for var- 
ious examples, like perfect ballistic conductors, ballistic 
conductors with a barrier, metallic diffusive wires and 
mesoscopic rings in a magnetic field. 

In particular, we found that the current fluctuations 
at a single tunneling tip are determined by an effec- 
tive local distribution function fi,ff{x). This distribu- 
tion function is given in terms of local partial densities 
of states, the injectivities of the contacts of the sam- 
ple, feff{x) = Y.^{v{x,a)lv{x))fa{E). It gives the lo- 
cal non-equilibrium distribution of charge carriers in a 
conductor. In the semi-classical Boltzmann-equation ap- 
proach one relates the current fluctuations to local distri- 
bution functions. These distribution functions are solu- 
tions to the Boltzmann-equation with proper boundary 
conditions. They do not contain the quantum mechani- 
cal phase coherence of an electron state entering through 
contact a and traveling to the point x in the conductor, 
whereas this information is included via the densities of 
states in our distribution function feff{x). Our discus- 
sion bridges therefore at least to some extend the gap be- 
tween quantum mechanical discussions of shot noise and 
purely classical treatments of current fluctuations. The 
effects of the phase coherence on the fluctuation spectrum 
is illustrated for measurements on a ballistic conductor 
with a barrier. This example is also useful to get a quali- 
tative impression on how the noise spectrum looks like in 
the neighborhood of an impurity. We evaluate the gen- 
eral formula for the fluctuations at the tip also for the 
case of measurements on a metallic diffusive wire in the 
ensemble average. 

The second part of this work treats the current cor- 
relations in two tunneling contacts. The correlations 
are determined by newly defined spatially non-diagonal 
and non-local densities of states. We used the exchange 
experiment |20|| to investigate the magnitude of the ex- 
change term in a four terminal configuration containing 
two tunneling tips. If current is injected through the 
massive contacts of the sample, the correlation spectrum 
at the tips is given by the spatially non-diagonal injec- 
tivities v{x, x', a). If current is injected through the tips, 
the correlation spectrum at the massive contacts is given 
by the non-diagonal emissivities v{a, x, x'). An exchange 
term with a magnitude of the order of the total corre- 
lations was found for ballistic conductors and ballistic 
conductors with a barrier. The correlations are always 
negative while the exchange term can have either sign, 
depending on the positions of the tips. This can lead to 
a complete suppression of the correlations for certain tip 
positions. Even for the case of measurements on metal- 
lic diffusive conductors an exchange term exists, and it's 
magnitude can be as high as 70 % of the total correla- 
tions. In the average over the disorder configurations, 
the exchange term is always negative and therefore en- 
hances the correlations. For the example of a mesoscopic 
ring penetrated by a magnetic flux we showed, that the 
current correlations measured in the tips can show a flux 
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dependence even though the conductances through the 
ring do not depend on the flux. 

Clearly, the experiments proposed here, if carried out, 
would permit an unprecedented, detailed microscopic 
view of shot noise in mesoscopic conductors. 

This work was supported by the Swiss National Science 
Foundation. 



(i/(r, 1)) = va- 



and 



{v{r,2))=vo-. 



(A5) 



(A6) 



APPENDIX A: ENSEMBLE AVERAGES FOR 
DIFFUSIVE WIRES 

We consider a two-dimensional metallic diffusive wire 
of length L and width W with L ^ W . The elastic mean 
free path \s I <C W . Then the diffusion can be treated 
to be effectively one-dimensional. The diffusive wire is 
at its ends connected via a coupling matrix r^ to two 
semi- infinite ideal leads. 



1. Ensemble averaged injectivity 

We are looking for the disorder average of the injectiv- 
ity of contact a at a point r = (x, y) inside the diffusive 
region, Eq. (||). We have to find the average of 



i'{r^ a) 



dyidy2G{r, n)r^{yi,y2)G\r2,r) . (Al) 



Here, the integrals are over the surface between contact a 
and the diffusive region. The coupling matrix Ta{y, y') is 
independent of the disorder configuration inside the wire. 
The disorder average of Eq. (Al) is then 



{v{r,a)) ^ / dyidy2Taiyi,y2) 

J So, 

X f draS{r,ra){G{ra,n)){G^{r2,ra)) . (A2) 



The integral over the intermediate point r^ is over the 
entire diffusive region. The propagator 



S{r,r') 



1 



x'{L — x) X > x' 



DtWL {x{L~x') 



X < x' 



(A3) 



with the diffusion coefficient D — vpl/^ and the elastic 
lifetime r = l/vp describes the diffusion from the point 
r to r' . In particular, this propagation is independent 
of the y coordinate provided that |a; — a;'| 3> I. The ex- 
ponentially decaying averaged Green's functions can be 
approximated as 



(G(r,r')) 



hpF 



exp 



IPF 



\x~x'\ 



S{y - y') . 

(A4) 



Performing the integrals and using J dyaTaiyaiVa) — 
VFNa/4:TT {Na = kpW is the number of open channels in 
contact a) then gives 



Here, we used the two dimensional density of states 
j/Q = m* /2Tr'h . The injectivities are linearly decaying, 
respectively, growing as functions of the position x along 
the wire. They are independent of the transverse coordi- 
nate y. 



2. Ensemble averaged non-diagonal injectivity 



In Section V we found that the current correlations 
were proportional to absolute squares of non-diagonal in- 
jectivities. 



W{r,r',a)\'' 



dyidy2dy3dy4Ta (yi , y2)Ta (ys, y4) 



X G(rri)Gt(r2,r')G(r',r3)Gt(r4,r). (A7) 



Now, we are interested in the average of this quantity over 
many different disordered wires. Again, the F's are inde- 
pendent of the impurity configuration inside the wire, so 
that it remains to find the average of the product of four 
Green's functions. The averaged quantity has contribu- 
tions from diagrams with two, three and four diffusion 
propagators, as shown in figure |8[ 



a) Yi 

y4 




ya 




a 
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FIG. 8. Diagrams for the average of the four Greens func- 
tions using (a) two diffusions, (b) three diffusons and (c) four 
diffusons. A single dashed line indicates the propagation with 
the propagator S{r,r') and two neighboring dashed lines in- 
dicate propagation with P{r,r'). 

It is interesting to compare these diagrams for the two- 
point injectivity with the ones given by Blanter and one 
of the authors |29|| which apply in a discussion of the shot 
noise at the contacts of metallic diffusive conductors . It 
turns out that diagrams with two and three diffusons are 
small as l/L, respectively {l/L)'^, compared to the di- 
agram with four diffusons and are therefore neglected. 
From the diagram with four diffusion propagators we get 



X / dradrbdrcdrddredrfS{r,ra)S{r',rb) 

xP{r,,rd)P{re,rf){G{rd,n)){G\r2,rd)) 
x(G{rf,r3))(G^{r^,rf))F{n,r,,ra,re). 



(A8) 



Here, the averaged Green' s fun ctions an d the propagator 
S{r,r') are given by Eqs. (|A3|) and (|A4[), and 



P{r,r') = 



1 



h^m*DT^WL {x'{L~x) 



x{L ~ x') X < x' 



X > x' 



(A9) 



^(^1: ''2, ''3, ^'4) is the short-ranged Hikami box [pO| and 
in Fourier space is given by pSJ ] 

F{qi,q2. 93, 94) = -~m*{Tlhfv\{2T^fb{qx + q2 + qs + qi) 
X [2(^193 + 9294) + [qi + 93) (92 + 94)] • (AlO) 

Performing all the integrals then gives the result 



(|Kr,rM)p)=2 



2T:h^ 



1 1 x{L-x') 



vl x{L — x'] 
7 L^ 



V{x,x') 



p{x,x') 
(All) 



with the abbreviation p{x,x') = (L — x)^ + [L — x'Y + 
|(a;— x')^ — |a;'(L— x). In the last step we used the Drude 
conductance g = kpWl/2L. The results for (Iv^r, r' , 2)p) 
and {vir, r', l)i'{r' , r, 2)) are obtained using the same pro- 
cedure. 



APPENDIX B: FINITE TEMPERATURE LINEAR 
RESPONSE RESULTS 

For the configuration of figure |l|, Eq. ( P7| ) gives the 
average current at the tip at fixed temperature and for 
given potentials fia at the massive contacts and ^up at 
the tip. In this section we are interested in the case of 
finite temperature T and small applied bias such that 
kT ^ A/i. In this limit we can approximate the Fermi 
functions fa (E) in the reservoirs of the massive contact 
a of the sample with the help of the Fermi function in 
the reservoir of the tip, 



U{E) 



ftip{E) -^rrif^a — fJ'tip) ■ 



(Bl) 



Using this expansion in (G% we get 



Iup)^^J2 dETtsix) 



df\ v{x,a) 
'dEj^JixT^^'^'^'''' 

(B2) 

with the Fermi function f{E) describing the distribution 
of electrons in the reservoir of the tip held at a potential 
fitip- If we want to use the STM as a voltage probe we 
can easily solve the equation (lup) = for fiup and find 



l^tip 



j:jdETUx){-§i)^f.. 

fdETUx){-§i) 



(B3) 



If one can take the fraction i'{x,a)/iy{x) to be (nearly) 
independent of energy in an in terv al of size kT around 
the Fermi energy |^^ , equation (p3| ) reduces to the result 
valid at zero temperature, Eq. (pw. 

To find the finite temperature linear-response current 
fluctuation spectrum at the tip we have to insert the ex- 
pansion (Bl) into Eq. (B3). This gives 



((A/. 



tip) 



4 / dEG{x) 



9/ 
dE 



kT 



/(^)E 



iy{x, a) 
i^{x) 



{pa - iJ^Up) \ , (B4) 



where ^lup is adjusted according to Eq. ( |B3| ) such that the 
average current at the tip vanishes. The current fluctua- 
tions are the addition of pure thermal, Johnson-Nyquist 
noise, {{/S.IupY) therm = ^Geff{x)kT with the effective 
conductance Geff{x) = J dEG{x){—df/dE) and an ex- 
cess noise proportional to the applied bias. Using an infi- 
nite impedance external circuit to measure the voltage at 
the tip, Eq. (p4), gives the voltage fluctuation spectrum 



{{AVupf) - AR,ff{x)kT 



+ AReff{x)^ I dEG{x) 
Y^ v{x,a) 



dl 
dE 



I{E) 



v{x) 



(B5) 
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with the effective resistance Reff{x) = [Ge//(a 
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